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PERMUTING TRIDERIVATIONS AND PERMUTING
TRIHOMOMORPHISMS IN COMPLEX BANACH ALGEBRAS
CHOONKIL PARK
Abstract. In this paper, we solve the following tri-additive s-functional inequalities
‖f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b)
−2f(x, z, a) + 2f(x,w, b)− 2f(y, z, b) + 2f(y, w, a)‖
≤
∥∥∥s
(
2f
(x+ y
2
, z − w, a+ b
)
+ 2f
(x− y
2
, z + w, a− b
)
(1)
−2f(x, z, a) + 2f(x,w, b)− 2f(y, z, b) + 2f(y, w, a))‖ ,
∥∥∥2f
(x+ y
2
, z − w, a+ b
)
+ 2f
(x− y
2
, z + w, a− b
)
−2f(x, z, a) + 2f(x,w, b)− 2f(y, z, b) + 2f(y, w, a)‖
≤ ‖s(f(x+ y, z − w, a+ b) + f(x− y, z +w, a− b) (2)
−2f(x, z, a) + 2f(x, w, b)− 2f(y, z, b) + 2f(y, w, a))‖,
where s is a fixed nonzero complex number with |s| < 1. Moreover, we prove the Hyers-Ulam
stability and hyperstability of permuting triderivations and permuting trihomomorphisms in
Banach algebras and unital C∗-algebras, associated with the tri-additive s-functional inequalities
(1) and (2).
1. Introduction and preliminaries
The stability problem of functional equations originated from a question of Ulam [18] con-
cerning the stability of group homomorphisms. Hyers [9] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for
additive mappings and by Rassias [17] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Rassias theorem was obtained by Ga˘vruta [8] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach.
Park [15, 16] defined additive ρ-functional inequalities and proved the Hyers-Ulam stability of the
additive ρ-functional inequalities in Banach spaces and non-Archimedean Banach spaces. The
stability problems of various functional equations and functional inequalities have been exten-
sively investigated by a number of authors (see [3, 4, 5, 6, 7, 11, 12]).
O¨ztu¨rk [14] introduced and investigated permuting triderivations in rings. O¨zden et al. [13],
Yazarli [19] and Yazarli et al. [20] investigated some properties of permuting triderivations on
rings.
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2 C. PARK
Definition 1.1. [14] Let A be a ring. A tri-additive mapping D : A3 → A is called a permuting
triderivation on A if D satisfies
D(xy, z, w) = D(x, z, w)y + xD(y, z, w),
D(xσ(1), xσ(2), xσ(3)) = D(x1, x2, x3)
for all x, y, z, w, x1, x2, x3 ∈ A and for every permutation (σ(1), σ(2), σ(3)) of (1, 2, 3).
In this paper, we introduce biderivations and bihomomorphisms in a Banach algebra.
Definition 1.2. Let A and B be complex Banach algebras. A C-trilinear mapping D : A3 → A
is called a permuting triderivation on A if D satisfies
D(xy, z, w) = D(x, z, w)y + xD(y, z, w),
D(xσ(1), xσ(2), xσ(3)) = D(x1, x2, x3)
for all x, y, z, w, x1, x2, x3 ∈ A and for every permutation (σ(1), σ(2), σ(3)) of (1, 2, 3).
A C-trilinear mapping H : A3 → B is called a permuting trihomomorphism if H satisfies
H(xy, zw, ab) = H(x, z, a)H(y,w, b),
H(xσ(1), xσ(2), xσ(3)) = H(x1, x2, x3)
for all x, y, z, w, a, b, x1 , x2, x3 ∈ A and for every permutation (σ(1), σ(2), σ(3)) of (1, 2, 3).
This paper is organized as follows: In Sections 2 and 3, we solve the tri-additive s-functional
inequalities (1) and (2) and prove the Hyers-Ulam stability of the tri-additive s-functional in-
equalities (1) and (2) in complex Banach spaces. In Sections 4 and 5, we investigate permuting
triderivations and permuting trihomomorphisms in Banach algebras and unital C∗-algebras as-
sociated with the tri-additive s-functional inequalities (1) and (2).
Throughout this paper, let X be a complex normed space and Y be a complex Banach space.
Let A and B be complex Banach algebras. Assume that s is a fixed nonzero complex number
with |s| < 1.
2. Tri-additive s-functional inequality (1)
We solve and investigate the tri-additive s-functional inequality (1) in complex normed spaces.
Lemma 2.1. If a mapping f : X3 → Y satisfies f(0, z, a) = f(x, 0, a) = f(x, z, 0) = 0 and
‖f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a)‖
≤
∥∥∥∥s
(
2f
(
x+ y
2
, z −w, a + b
)
+ 2f
(
x− y
2
, z + w, a− b
)
(2.1)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖ ,
for all x, y, z, w, a, b ∈ X, then f : X3 → Y is tri-additive.
Proof. Assume that f : X3 → Y satisfies (2.1).
Letting x = y and w = b = 0 in (2.1), we get f(2x, z, a) = 2f(x, z, a) for all x, z, a ∈ X.
Letting w = b = 0 in (2.1), we get f(x+y, z, a)+f(x−y, z, a) = 2f(x, z, a) and so f(x1, z, a)+
f(y1, z, a) = 2f
(
x1+y1
2 , z, a
)
= f(x1 + y1, z, a) for all x1 := x + y, y1 := x − y, z, a ∈ X, since
|s| < 1 and f(0, z, a) = 0 for all z, a ∈ X. So f : X3 → Y is additive in the first variable.
Similarly, one can show that f : X3 → Y is additive in the second variable and in the third
variable. Hence f : X3 → Y is tri-additive. 
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We prove the Hyers-Ulam stability of the tri-additive s-functional inequality (2.1) in complex
Banach spaces.
Theorem 2.2. Let r > 1 and θ be nonnegative real numbers and let f : X3 → Y be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and
‖f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a)‖
≤
∥∥∥∥s
(
2f
(
x+ y
2
, z −w, a + b
)
+ 2f
(
x− y
2
, z + w, a− b
)
(2.2)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖ ,
+θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r)
for all x, y, z, w, a, b ∈ X. Then there exists a unique tri-additive mapping L : X3 → Y such that
‖f(x, z, a)− L(x, z, a)‖ ≤
2θ
2r − 2
‖x‖r‖z‖r‖a‖r (2.3)
for all x, z, a ∈ X.
Proof. Letting w = b = 0 and y = x in (2.2), we get
‖f(2x, z, a) − 2f(x, z, a)‖ ≤ 2θ‖x‖r‖z‖r‖a‖r (2.4)
for all x, z, a ∈ X. So
∥∥∥f(x, z, a) − 2f (x
2
, z, a
)∥∥∥ ≤ 2
2r
θ‖x‖r‖z‖r‖a‖r
for all x, z, a ∈ X. Hence
∥∥∥2lf ( x
2l
, z, a
)
− 2mf
( x
2m
, z, a
)∥∥∥ ≤
m−1∑
j=l
∥∥∥2jf ( x
2j
, z, a
)
− 2j+1f
( x
2j+1
, z, a
)∥∥∥ (2.5)
≤
2
2r
m−1∑
j=l
2j
2rj
θ‖x‖r‖z‖r‖a‖r
for all nonnegative integers m and l with m > l and all x, z, a ∈ X. It follows from (2.5) that the
sequence {2kf( x
2k
, z, a)} is Cauchy for all x, z, a ∈ X. Since Y is a Banach space, the sequence
{2kf( x
2k
, z, a)} converges. So one can define the mapping L : X3 → Y by
L(x, z, a) := lim
k→∞
2kf
( x
2k
, z, a
)
for all x, z, a ∈ X. Moreover, letting l = 0 and passing the limit m→∞ in (2.5), we get (2.3).
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It follows from (2.2) that
‖L(x+ y, z −w, a + b) + L(x− y, z + w, a− b)
−2L(x, z, a) + 2L(x,w, b) − 2L(y, z, b) + 2L(y,w, a)‖
= lim
n→∞
∥∥∥∥2n
(
f
(
x+ y
2n
, z − w, a+ b
)
+ f
(
x− y
2n
, z + w, a− b
)
− 2f
( x
2n
, z, a
)
+2f
( x
2n
, w, b
)
− 2f
( y
2n
, z, b
)
+ 2f
( y
2n
, w, a
))∥∥∥
≤ lim
n→∞
∥∥∥∥2ns
(
2f
(
x+ y
2n
, z − w, a+ b
)
+ 2f
(
x− y
2n
, z + w, a− b
)
− 2f
( x
2n
, z, a
)
+2f
( x
2n
, w, b
)
− 2f
( y
2n
, z, b
)
+ 2f
( y
2n
, w, a
))∥∥∥
+ lim
n→∞
2n
2rn
θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r)
≤
∥∥∥∥s
(
2L
(
x+ y
2
, z − w, a+ b
)
+ 2L
(
x− y
2
, z + w, a − b
)
−2L(x, z, a) + 2L(x,w, b) − 2L(y, z, b) + 2L(y,w, a))‖
for all x, y, z, w, a, b ∈ X. So
‖L(x+ y, z − w, a+ b) + L(x− y, z + w, a− b)
−2L(x, z, a) + 2L(x,w, b) − 2L(y, z, b) + 2L(y,w, a)‖
≤
∥∥∥∥s
(
2L
(
x+ y
2
, z − w, a + b
)
+ 2L
(
x− y
2
, z + w, a− b
)
−2L(x, z, a) + 2L(x,w, b) − 2L(y, z, b) + 2L(y,w, a))‖
for all x, y, z, w, a, b ∈ X. By Lemma 2.1, the mapping L : X3 → Y is tri-additive.
Now, let T : X3 → Y be another tri-additive mapping satisfying (2.3). Then we have
‖L(x, z, a) − T (x, z, a)‖ =
∥∥∥2qL( x
2q
, z, a
)
− 2qT
( x
2q
, z, a
)∥∥∥
≤
∥∥∥2qL( x
2q
, z, a
)
− 2qf
( x
2q
, z, a
)∥∥∥+ ∥∥∥2qT ( x
2q
, z, a
)
− 2qf
( x
2q
, z, a
)∥∥∥
≤
4θ
2r − 2
2q
2qr
‖x‖r‖z‖r‖a‖r,
which tends to zero as q →∞ for all x, z, a ∈ X. So we can conclude that L(x, z, a) = T (x, z, a)
for all x, z, a ∈ X. This proves the uniqueness of L, as desired. 
Theorem 2.3. Let r < 1 and θ be nonnegative real numbers and let f : X3 → Y be a mapping
satisfying (2.2) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ X. Then there exists a
unique tri-additive mapping L : X3 → Y such that
‖f(x, z, a)− L(x, z, a)‖ ≤
2θ
2− 2r
‖x‖r‖z‖r‖a‖r (2.6)
for all x, z, a ∈ X.
Proof. It follows from (2.4) that∥∥∥∥f(x, z, a)− 12f(2x, z, a)
∥∥∥∥ ≤ θ‖x‖r‖z‖r‖a‖r
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for all x, z, a ∈ X. Hence
∥∥∥∥ 12l f(2lx, z, a) −
1
2m
f(2mx, z, a)
∥∥∥∥ ≤
m−1∑
j=l
∥∥∥∥ 12j f
(
2jx, z, a
)
−
1
2j+1
f
(
2j+1x, z, a
)∥∥∥∥ (2.7)
≤
m−1∑
j=l
2rj
2j+1
θ‖x‖r‖z‖r‖a‖r
for all nonnegative integers m and l with m > l and all x, z, a ∈ X. It follows from (2.7) that
the sequence { 12n f(2
nx, z, a)} is a Cauchy sequence for all x, z, a ∈ X. Since Y is complete, the
sequence { 12n f(2
nx, z, a)} converges. So one can define the mapping L : X3 → Y by
L(x, z, a) := lim
n→∞
1
2n
f(2nx, z, a)
for all x, z, a ∈ X. Moreover, letting l = 0 and passing the limit m→∞ in (2.7), we get (2.6).
The rest of the proof is similar to the proof of Theorem 2.2. 
3. Tri-additive s-functional inequality (2)
We solve and investigate the tri-additive s-functional inequality (2) in complex normed spaces.
Lemma 3.1. If a mapping f : X3 → Y satisfies f(0, z, a) = f(x, 0, a) = f(x, z, 0) = 0 and
∥∥∥∥2f
(
x+ y
2
, z − w, a+ b
)
+ 2f
(
x− y
2
, z + w, a− b
)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a)‖
≤ ‖s (f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b) (3.1)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖
for all x, y, z, w, a, b ∈ X, then f : X3 → Y is tri-additive.
Proof. Assume that f : X3 → Y satisfies (3.1).
Letting y = w = b = 0 in (3.1), we get 4f
(
x
2 , z, a
)
= 2f(x, z, a) for all x, z, a ∈ X.
Let w = b = 0 in (3.1). It follows from (3.1) that
‖f(x+ y, z, a) + f (x− y, z, a) − 2f(x, z, a)‖
=
∥∥∥∥2f
(
x+ y
2
, z, a
)
+ 2f
(
x− y
2
, z, a
)
− 2f(x, z, a)
∥∥∥∥
≤ ‖s(f(x+ y, z, a) + f(x− y, z, a) − 2f(x, z, a))‖
and so f(x+y, z, a)+f (x− y, z, a)−2f(x, z, a) for all x, y, z, a ∈ X, since |s| < 1. So f : X3 → Y
is additive in the first variable.
Similarly, one can show that f : X3 → Y is additive in the second variable and in the third
variable. Hence f : X3 → Y is tri-additive. 
We prove the Hyers-Ulam stability of the tri-additive s-functional inequality (3.1) in complex
Banach spaces.
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Theorem 3.2. Let r > 1 and θ be nonnegative real numbers and let f : X3 → Y be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and∥∥∥∥2f
(
x+ y
2
, z − w, a + b
)
+ 2f
(
x− y
2
, z + w, a− b
)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a)‖
≤ ‖s (f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b) (3.2)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖
+θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r)
for all x, y, z, w, a, b ∈ X. Then there exists a unique tri-additive mapping L : X3 → Y such that
‖f(x, z, a) − L(x, z, a)‖ ≤
2rθ
2(2r − 2)
‖x‖r‖z‖r‖a‖r (3.3)
for all x, z, a ∈ X.
Proof. Letting y = w = b = 0 in (3.2), we get∥∥∥4f (x
2
, z, a
)
− 2f(x, z, a)
∥∥∥ ≤ θ‖x‖r‖z‖r‖a‖r (3.4)
for all x, z, a ∈ X. So
∥∥∥2lf ( x
2l
, z, a
)
− 2mf
( x
2m
, z, a
)∥∥∥ ≤
m−1∑
j=l
∥∥∥2jf ( x
2j
, z, a
)
− 2j+1f
( x
2j+1
, z, a
)∥∥∥ (3.5)
≤
m−1∑
j=l
2jθ
2rj+1
‖x‖r‖z‖r‖a‖r
for all nonnegative integers m and l with m > l and all x, z, a ∈ X. It follows from (3.5) that the
sequence {2kf
(
x
2k
, z, a
)
} is Cauchy for all x, z, a ∈ X. Since Y is a Banach space, the sequence
{2kf
(
x
2k
, z, a
)
} converges. So one can define the mapping L : X3 → Y by
L(x, z, a) := lim
k→∞
2kf
( x
2k
, z, a
)
for all x, z, a ∈ X. Moreover, letting l = 0 and passing the limit m→∞ in (3.5), we get (3.3).
The rest of the proof is similar to the proof of Theorem 2.2. 
Theorem 3.3. Let r < 1 and θ be nonnegative real numbers and let f : X3 → Y be a mapping
satisfying (3.2) and f(x, 0, a) = f(0, z, a) = f(x, y, 0) = 0 for all x, z, a ∈ X. Then there exists a
unique tri-additive mapping L : X3 → Y such that
‖f(x, z, a) − L(x, z, a)‖ ≤
2rθ
2(2 − 2r)
‖x‖r‖z‖r‖a‖r (3.6)
for all x, z, a ∈ X.
Proof. It follows from (3.4) that∥∥∥∥f(x, z, a)− 12f(2x, z, a)
∥∥∥∥ ≤ 2
rθ
4
‖x‖r‖z‖r‖a‖r
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for all x, z, a ∈ X. Hence∥∥∥∥ 12l f(2lx, z, a) −
1
2m
f(2mx, z, a)
∥∥∥∥ ≤
m−1∑
j=l
∥∥∥∥ 12j f
(
2jx, z, a
)
−
1
2j+1
f
(
2j+1x, z, a
)∥∥∥∥ (3.7)
≤
m−1∑
j=l
2rj
2j+2
2rθ‖x‖r‖z‖r
for all nonnegative integers m and l with m > l and all x, z, a ∈ X. It follows from (3.7) that
the sequence { 12n f(2
nx, z, a)} is a Cauchy sequence for all x, z, a ∈ X. Since Y is complete, the
sequence { 12n f(2
nx, z, a)} converges. So one can define the mapping L : X3 → Y by
L(x, z, a) := lim
n→∞
1
2n
f(2nx, z, a)
for all x, z, a ∈ X. Moreover, letting l = 0 and passing the limit m→∞ in (3.7), we get (3.6).
The rest of the proof is similar to the proof of Theorem 2.2. 
4. Permuting triderivations on Banach algebras
Now, we investigate permuting triderivations on complex Banach algebras and unital C∗-
algebras associated with the tri-additive s-functional inequalities (1) and (2).
Lemma 4.1. [2, Lemma 2.1] Let f : X2 → Y be a bi-additive mapping such that f(λx, µz) =
λµf(x, z) for all x, z ∈ X and λ, µ ∈ T1 := {ν ∈ C : |ν| = 1}. Then f is C-bilinear.
Lemma 4.2. Let f : X3 → Y be a tri-additive mapping such that f(λx, µz, ηa) = λµηf(x, z, a)
for all x, z, a ∈ X and λ, µ, η ∈ T1. Then f is C-trilinear.
Proof. The proof is similar to the proof of [2, Lemma 2.1]. 
Theorem 4.3. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and
‖f(λ(x+ y), µ(z − w), η(a + b)) + f(λ(x− y), µ(z + w), η(a − b))
−λµη(2f(x, z, a) − 2f(x,w, b) + 2f(y, z, b)− 2f(y,w, a))‖
≤
∥∥∥∥s
(
2f
(
x+ y
2
, z − w, a+ b
)
+ 2f
(
x− y
2
, z + w, a− b
)
(4.1)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖ ,
+θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r)
for all λ, µ, η ∈ T1 and all x, y, z, w, a, b ∈ A. Then there exists a unique C-trilinear mapping
D : A3 → A such that
‖f(x, z, a)−D(x, z, a)‖ ≤
2θ
2r − 2
‖x‖r‖z‖r‖a‖r (4.2)
for all x, z, a ∈ A.
If, in addition, the mapping f : A3 → A satisfies
‖f(xy, z, a) − f(x, z, a)y − xf(y, z, a)‖ ≤ θ(‖x‖r + ‖y‖r)‖z‖r‖a‖r, (4.3)
‖f(xσ(1), xσ(2), xσ(3))− f(x1, x2, x3)‖ ≤ θ · ‖x1‖
r‖x2‖
r‖x3‖
r (4.4)
for all x, y, z, x1, x2, x3, a ∈ A and for every permutation (σ(1), σ(2), σ(3)) of (1, 2, 3), then the
mapping D : A3 → A is a permuting triderivation.
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Proof. Let λ = µ = η = 1 in (4.1). By Theorem 2.2, there is a unique tri-additive mapping
D : A3 → A satisfying (4.2) defined by
D(x, z, a) := lim
n→∞
2nf
( x
2n
, z, a
)
for all x, z, a ∈ A.
Letting y = x and w = b = 0 in (4.1), we get
‖f(2λx, µz, ηa) − 2λµηf(x, z, a)‖ ≤ 2θ‖x‖r‖z‖r‖a‖r
for all x, z, a ∈ A and all λ, µ, η ∈ T1. So
‖D(2λx, µz, ηa) − 2λµηD(x, z, a)‖
= lim
n→∞
2n
∥∥∥f (2λ x
2n
, µz, ηa
)
− 2λµηf
( x
2n
, z, a
)∥∥∥ ≤ lim
n→∞
2n+1
2rn
θ‖x‖r‖z‖r‖a‖r = 0
for all x, z, a ∈ A and all λ, µ, η ∈ T1. Since D is tri-additive, D(λx, µz, ηa) = λµηD(x, z, a)
for all x, z, a ∈ A and all λ, µ, η ∈ T1. By Lemma 4.2, the tri-additive mapping D : A3 → A is
C-trilinear.
It follows from (4.3) that
‖D(xy, z, a) −D(x, z, a)y − xD(y, z, a)‖
= lim
n→∞
4n
∥∥∥f ( xy
2n · 2n
, z, a
)
− f
( x
2n
, z, a
) y
2n
−
x
2n
f
( y
2n
, z, a
)∥∥∥
≤ lim
n→∞
4nθ
2rn
(‖x‖r + ‖y‖r)‖z‖r‖a‖r = 0
for all x, y, z, a ∈ A. Thus
D(xy, z, a) = D(x, z, a)y + xD(y, z, a)
for all x, y, z, a ∈ A.
It follows from (4.4) that
‖D(xσ(1), xσ(2), xσ(3))−D(x1, x2, x3)‖
= lim
n→∞
8n
∥∥∥f (xσ(1)
2n
,
xσ(2)
2n
,
xσ(3)
2n
)
− f
(x1
2n
,
x2
2n
,
x3
2n
)∥∥∥
≤ lim
n→∞
8nθ
8rn
θ · ‖x1‖
r‖x2‖
r‖x3‖
r = 0
for all x1, x2, x3 ∈ A. Thus
D(xσ(1), xσ(2), xσ(3)) = D(x1, x2, x3)
for all x1, x2, x3 ∈ A and for every permutation (σ(1), σ(2), σ(3)) of (1, 2, 3). Hence the mapping
D : A3 → A is a permuting triderivation. 
In Theorem 4.3, if f(2x, z, a) = 2f(x, z, a) for all x, z, a ∈ A, then one can easily show that
D(x, z, a) = f(x, z, a) for all x, z, a ∈ A. Thus we can obtain the following corollary.
Corollary 4.4. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.1). Then there exists a unique C-trilinear
mapping D : A3 → A satisfying (4.2).
If, in addition, the mapping f : A3 → A satisfies (4.3), (4.4) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
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Theorem 4.5. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A such that
‖f(x, z, a)−D(x, z, a)‖ ≤
2θ
2− 2r
‖x‖r‖z‖r‖a‖r (4.5)
for all x, z, a ∈ A.
If, in addition, the mapping f : A3 → A satisfies (4.3) and (4.4), then the mapping D : A3 → A
is a permuting triderivation.
Proof. The proof is similar to the proof of Theorem 4.3. 
Corollary 4.6. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.5).
If, in addition, the mapping f : A3 → A satisfies (4.3), (4.4) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
Similarly, we can obtain the following results.
Theorem 4.7. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and∥∥∥∥2f
(
λ
x+ y
2
, µ(z − w), η(a + b)
)
+ 2f
(
λ
x− y
2
, µ(z + w), η(a − b)
)
−λµη(2f(x, z, a) − 2f(x,w, b) + 2f(y, z, b)− 2f(y,w, a))‖
≤ ‖s (f(x+ y, z − w, a+ b) + f(x− y, z + w, a− b) (4.6)
−2f(x, z, a) + 2f(x,w, b) − 2f(y, z, b) + 2f(y,w, a))‖
+θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r)
for all λ, µ, η ∈ T1 and all x, y, z, w, a, b ∈ A. Then there exists a unique C-trilinear mapping
D : A3 → A such that
‖f(x, z, a)−D(x, z, a)‖ ≤
2rθ
2(2r − 2)
‖x‖r‖z‖r‖a‖r (4.7)
for all x, z, a ∈ A.
If, in addition, the mapping f : A3 → A satisfies (4.3) and (4.4), then the mapping D : A3 → A
is a permuting triderivation.
Corollary 4.8. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.6). Then there exists a unique C-trilinear
mapping D : A3 → A satisfying (4.7).
If, in addition, the mapping f : A3 → A satisfies (4.3), (4.4) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
Theorem 4.9. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A such that
‖f(x, z, a)−D(x, z, a)‖ ≤
2rθ
2(2 − 2r)
‖x‖r‖z‖r‖a‖r (4.8)
for all x, z, a ∈ A.
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If, in addition, the mapping f : A3 → A satisfies (4.3) and (4.4), then the mapping D : A3 → A
is a permuting triderivation.
Corollary 4.10. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.8).
If, in addition, the mapping f : A3 → A satisfies (4.3), (4.4) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
From now on, assume that A is a unital C∗-algebra with unit e and unitary group U(A).
Theorem 4.11. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.2).
If, in addition, the mapping f : A3 → A satisfies (4.4) and
‖f(uy, z, a)− f(u, z, a)y − uf(y, z, a)‖ ≤ θ(1 + ‖y‖r)‖z‖r‖a‖r (4.9)
for all u ∈ U(A) and all y, z, a ∈ A, then the mapping D : A3 → A is a permuting triderivation.
Proof. By the same reasoning as in the proof of Theorem 4.3, there is a uniqueC-trilinear mapping
D : A3 → A satisfying (4.2) defined by
D(x, z, a) := lim
n→∞
2nf
( x
2n
, z, a
)
for all x, z, a ∈ A.
By the same reasoning as in the proof of Theorem 4.3, D(uy, z, a) = D(u, z, a)y + uD(y, z, a)
for all u ∈ U(A) and all y, z, a ∈ A. Since D is C-linear in the first variable and each x ∈ A is a
finite linear combination of unitary elements (see [10]), i.e., x =
∑m
j=1 λjuj (λj ∈ C, uj ∈ U(A)),
D(xy, z, a) = D(
m∑
j=1
λjujy, z, a) =
m∑
j=1
λjD(ujy, z, a) =
m∑
j=1
λj(D(uj , z, a)y + ujD(y, z, a))
= (
m∑
j=1
λj)D(uj , z, a)y + (
m∑
j=1
λjuj)D(y, z, a) = D(x, z, a)y + xD(y, z, a)
for all x, y, z, a ∈ A. Thus the mapping D : A3 → A is a permuting triderivation. 
Remark 4.12. By a similar method in the proof of Theorem 4.11, one can obtain that if (4.9) in
Theorem 4.11 is replaced by
‖f(uv, z, a) − f(u, z, a)v − uf(y, z, a)‖ ≤ 2θ‖z‖r‖a‖r
for all u, v ∈ U(A) and all z, a ∈ A, then the mapping D : A3 → A is a permuting triderivation.
Corollary 4.13. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.2).
If, in addition, the mapping f : A3 → A satisfies (4.4), (4.9) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
Theorem 4.14. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.5).
If, in addition, the mapping f : A3 → A satisfies (4.4) and (4.9), then the mapping D : A3 → A
is a permuting triderivation.
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Proof. The proof is similar to the proof of Theorem 4.11. 
Corollary 4.15. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.5).
If, in addition, the mapping f : A3 → A satisfies (4.4), (4.9) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
Similarly, we can obtain the following results.
Theorem 4.16. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.7).
If, in addition, the mapping f : A3 → A satisfies (4.4) and (4.9), then the mapping D : A3 → A
is a permuting triderivation.
Corollary 4.17. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.7).
If, in addition, the mapping f : A3 → A satisfies (4.4), (4.9) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
Theorem 4.18. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.8).
If, in addition, the mapping f : A3 → A satisfies (4.4) and (4.9), then the mapping D : A3 → A
is a permuting triderivation.
Corollary 4.19. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → A be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping D : A3 → A satisfying (4.8).
If, in addition, the mapping f : A3 → A satisfies (4.4), (4.9) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → A is a permuting triderivation.
5. Permuting trihomomorphisms in Banach algebras
Now, we investigate permuting trihomomorphisms in complex Banach algebras and unital
C∗-algebras associated with the tri-additive s-functional inequalities (1) and (2).
Theorem 5.1. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.1). Then there exists a unique C-trilinear
mapping H : A3 → B satisfying (4.2), where D is replaced by H in (4.2).
If, in addition, the mapping f : A3 → B satisfies (4.4) and
‖f(xy, zw, ab) − f(x, z, a)f(y,w, b)‖ ≤ θ(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r) (5.1)
for all x, y, z, w, a, b ∈ A, then the mapping H : A3 → B is a permuting trihomomorphism.
Proof. By the same reasoning as in the proof of Theorem 4.3, there is a uniqueC-trilinear mapping
H : A3 → B, which is defined by
H(x, z, a) = lim
n→∞
2nf
( x
2n
, z, a
)
for all x, z, a ∈ A.
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It follows from (5.1) that
‖H(xy, zw, ab) −H(x, z, a)H(y,w, b)‖
= lim
n→∞
4n
∥∥∥f ( xy
2n · 2n
, zw, ab
)
− f
( x
2n
, z, a
)
f
( y
2n
, w, b
)∥∥∥
≤ lim
n→∞
4nθ
2rn
(‖x‖r + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r) = 0
for all x, y, z, w, a, b ∈ A. Thus
H(xy, zw, ab) = H(x, z, a)H(y,w, b)
for all x, y, z, w, a, b ∈ A.
The rest of the proof is similar to the proof of Theorem 4.3. Hence the mapping H : A3 → B
is a permuting trihomomorphism. 
In Theorem 5.1, if f(2x, z, a) = 2f(x, z, a) for all x, z, a ∈ A, then one can easily show that
H(x, z, a) = f(x, z, a) for all x, z, a ∈ A. Thus we can obtain the following corollary.
Corollary 5.2. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.1). Then there exists a unique C-trilinear
mapping H : A3 → B satisfying (4.2), where D is replaced by H in (4.2).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.1) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
Theorem 5.3. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.5), where D is replaced by H in (4.5).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.1), then the mapping H : A3 → B
is a permuting trihomomorphism.
Proof. The proof is similar to the proof of Theorem 5.1. 
Corollary 5.4. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.5), where D is replaced by H in (4.5).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.1) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
Similarly, we can obtain the following results.
Theorem 5.5. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.6). Then there exists a unique C-trilinear
mapping H : A3 → B satisfying (4.7), where D is replaced by H in (4.7).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.1), then the mapping H : A3 → B
is a permuting trihomomorphism.
Corollary 5.6. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 and (4.6). Then there exists a unique C-trilinear
mapping H : A3 → B satisfying (4.7), where D is replaced by H in (4.7).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.1) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
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Theorem 5.7. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.8), where D is replaced by H in (4.8).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.1), then the mapping H : A3 → B
is a permuting trihomomorphism.
Corollary 5.8. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.8), where D is replaced by H in (4.8).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.1) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
From now on, assume that A is a unital C∗-algebra with unit e and unitary group U(A).
Theorem 5.9. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.2), where D is replaced by H in (4.2).
If, in addition, the mapping f : A3 → B satisfies (4.4) and
‖f(uy, zw, ab) − f(u, z, a)f(y,w, b)‖ ≤ θ(1 + ‖y‖r)(‖z‖r + ‖w‖r)(‖a‖r + ‖b‖r) (5.2)
for all u ∈ U(A) and all y, z, a ∈ A, then the mapping H : A3 → B is a permuting trihomomor-
phism.
Proof. By the same reasoning as in the proof of Theorem 4.3, there is a uniqueC-trilinear mapping
H : A3 → B satisfying (4.2) defined by
H(x, z, a) := lim
n→∞
2nf
( x
2n
, z, a
)
for all x, z, a ∈ A.
By the same reasoning as in the proof of Theorem 5.1, H(uy, zw, ab) = H(u, z, a)H(y,w, b) for
all u ∈ U(A) and all y, z, w, a, b ∈ A. Since H is C-linear in the first variable and each x ∈ A is a
finite linear combination of unitary elements (see [10]), i.e., x =
∑m
j=1 λjuj (λj ∈ C, uj ∈ U(A)),
H(xy, zw, ab) = H(
m∑
j=1
λjujy, zw, ab) =
m∑
j=1
λjH(ujy, zw, ab) =
m∑
j=1
λj(H(uj , z, a)H(y,w, b))
= (
m∑
j=1
λj)H(uj , z, a)H(y,w, b) = H(x, z, a)H(y,w, b)
for all x, y, z, w, a, b ∈ A. Thus the mapping H : A3 → B is a permuting trihomomorphism. 
Remark 5.10. By a similar method in the proof of Theorem 5.9, one can obtain that if (5.2) in
Theorem 5.9 is replaced by
‖f(u1u2, u3u4, u5u6)− f(u1, u3, u5)f(u2, u4, u6)‖ ≤ 8θ
for all u1, u2, u3, u4, u5, u6 ∈ U(A), then the mapping H : A
3 → B is a permuting trihomomor-
phism.
Corollary 5.11. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.2), where D is replaced by H in (4.2).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.2) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
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Theorem 5.12. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.5), where D is replaced by H in (4.5).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.2), then the mapping H : A3 → B
is a permuting trihomomorphism.
Proof. The proof is similar to the proof of Theorem 5.9. 
Corollary 5.13. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.1) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.5), where D is replaced by H in (4.5).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.2) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
Similarly, we can obtain the following results.
Theorem 5.14. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.7), where D is replaced by H in (4.7).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.2), then the mapping H : A3 → B
is a permuting trihomomorphism.
Corollary 5.15. Let r > 2 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.7), where D is replaced by H in (4.7).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.2) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
Theorem 5.16. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.8), where D is replaced by H in (4.8).
If, in addition, the mapping f : A3 → B satisfies (4.4) and (5.2), then the mapping H : A3 → B
is a permuting trihomomorphism.
Corollary 5.17. Let r < 1 and θ be nonnegative real numbers, and let f : A3 → B be a mapping
satisfying (4.6) and f(x, 0, a) = f(0, z, a) = f(x, z, 0) = 0 for all x, z, a ∈ A. Then there exists a
unique C-trilinear mapping H : A3 → B satisfying (4.8), where D is replaced by H in (4.8).
If, in addition, the mapping f : A3 → B satisfies (4.4), (5.2) and f(2x, z, a) = 2f(x, z, a) for
all x, z, a ∈ A, then the mapping f : A3 → B is a permuting trihomomorphism.
Conclusions
We have introduced and solved the tri-additive s-functional inequalities (1) and (2) and proved
the Hyers-Ulam stability and the hyperstability of permuting triderivations and permuting tri-
homomorphisms in Banach algebras and unital C∗-algebras, associated with the tri-additive
s-functional inequalities (1) and (2).
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